Abstract. Effects of electron-phonon interaction on optical phonons are studied in carbon nanotubes. In metallic nanotubes, the gap due to an Aharonov-Bohm magnetic flux oriented in the tube axis causes a singular behavior in the broadening. In particular, the broadening appears in the transverse mode and diverges when the gap reaches the phonon energy. This Aharonov-Bohm effect can be used for the determination of a narrow gap present in chiral nanotubes or in strained nanotubes.
In this paper Aharonov-Bohm effects on longwavelength optical phonons through electron-phonon interactions are studied theoretically. In a graphite sheet the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. Electronic states near a K point are described by the k·p equation
where γ is a band parameter, σ x and σ y are the Pauli spin matrices, andk = (k x ,k y )= −i ∇. The structure of a nanotube is specified by a chiral vector L corresponding to the circumference. Electronic states of a nanotube with a sufficiently large diameter are obtained by imposing the boundary conditions around the circumference direction F(r+L) = F(r) exp[2πi(ϕ− ν/3)], where ϕ = φ /φ 0 with φ being a magnetic flux passing through the cross section and φ 0 the flux quantum given by φ 0 = ch/e, and ν is an integer (ν = 0 or ±1). Metallic and semiconducting nanotubes correspond to ν = 0 and ±1, respectively [1] .
The energy bands are specified by s = ±1 (s = −1 and +1 for the valence and conduction band, respectively), integer n corresponding to the discrete wave vector along the circumference direction chosen along the x axis, and the wave vector k in the axis direction chosen along the y axis. We have
An equation of motion for optical phonons of the two-dimensional graphite in the long-wavelength limit has been derived based on a valence-force-field model [2] . In nanotubes the wave vector becomes discrete in the circumference direction q x = 2π j/L with integer j and remains continuous in the axis direction (q). In the following we shall confine ourselves to the long wavelength limit, j = 0 and qL 1. Then, the phonon Hamiltonian is written as
where μ denotes the mode (μ = l for the longitudinal mode with the displacement in the axis direction and μ = t for the transverse mode with the displacement in the circumference direction), and b † qμ and b qμ are the creation and destruction operators, respectively.
The lattice displacement can be expanded as
where N is the number of unit cells, M is the mass of a carbon atom, and
The interaction between optical phonons and electrons is described by the Hamiltonian
where b = a/ √ 3 is the equilibrium bond length and β = −d ln γ 0 /d lnb with γ 0 being the resonance integral between nearest neighbor carbon atoms appearing in a tight-binding model related to γ through γ = ( √ 3a/2)γ 0 with a = 2.46 Å being the lattice constant [3] . The corresponding results for the K' point are obtained by replacing σ by σ * and ν by −ν.
Because the interaction is weak, the shift and the broadening of the phonon frequency are given by the lowest order perturbation. The frequency shift Δω and the broadening Γ are given by
where Π(qμ, ω) is the self-energy of the phonon Green's function. For the contribution of the K point, for example, we have
where f (ε) is the Fermi distribution function and the upper and lower sign correspond to μ =l and t, respectively. The factor two comes from the electron spin. The correct self-energy is obtained by subtracting from the above the contribution in the two-dimensional graphite, which is obtained by the sum over discrete wave vector in the circumference direction κ νϕ (n) replaced with a continuous integration.
The self-energy shows that a singular behavior occurs when the denominator vanishes. Because the phonon frequency is usually much smaller than band gaps in semiconducting nanotubes, this occurs in metallic nanotubes with an Aharonov-Bohm magnetic flux and strain or in narrow-gap semiconductors with a small gap due to curvature. In fact, the most notable feature appears in the broadening.
For the parameterhω 0 = 0.196 eV, γ 0 = 2.63 eV, and β = 2, the parameter becomes λ = 0.08, but can be larger depending of β . Figure 1 shows this broadening as a function of the Aharonov-Bohm gap 4πγ|ϕ|/L. For the transverse mode, with the increase of the gap, the broadening increases in proportion to ϕ 2 , diverges when the gap reaches the optical-phonon energyhω 0 , and vanishes when the gap exceeds the phonon energy. For the longitudinal mode, on the other hand, the broadening gradually decreases with the magnetic flux and vanishes when the gap reaches the phonon energyhω 0 . The magnetic field required for the observation of this anomaly is about 200 T for typical single-wall nanotubes with diameter ∼1.5 nm. This Aharonov-Bohm effect can be used for the determination of a narrow gap present in chiral nanotubes or in strained nanotubes, because this gap is also a result of an effective flux [4] . Further, this effect can be quite sensitive to carrier doping.
